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Abstract

This paper presents a way of solving the emptiness problem, that is the problem of telling whether a given
language contains no strings at all, for associative and nonassociative Lambek calculus, and the logic
of pure residuation in general. The corectness of this method is proved by first converting the Lambek
grammar to context-free grammar, and then solving the emptiness problem for context-free grammar.

1 Introduction

One can ask oneself whether a given set of
words has a subset with which one can make
a grammatical sentence. Consider for exam-
ple the sets of words {dog, crosses,street,the} and
{cat, triangle, street, the}. With the first set, it is pos-
sible to generate such a sentence (’the dog crosses the
street’), while one cannot do this with the second set.
This paper presents a general way of solving these
kinds of problems within categorial grammars like
Lambek calculus and the logic of pure residuation.
First I will formally introduce Lambek calculus and
the emptiness problem. Secondly, I show a method
of solving the emptiness problem for Lambek calcu-
lus, and prove the correctness of this method. Then
a generalization of this solution to the logic of pure
residuation is presented. Finally I draw some conclu-
sions and give some ideas for further research.

2 Preliminaries

2.1 Non-associative Lambek calculus

Now we will introduce the non-associative Lambek
calculus NL ([5]), which we use to reason about nat-
ural language and grammaticality. Lambek calculus
is a deductive system. A sentence is grammatical if
and only if the sentence can be derived in the deduc-
tive system. We assign to every word in the language
a finite number of types. We have a set of basic types
called atoms. The set of types is defined as follows.
Every atom is a type, and if @ and b are types, aeb, a\b

(pronounced ’a under b’) and a/b (pronounced ’a over
b’) are also types. Types will be denoted with italic
letters a,b,.... Intuitively we can see one or more
words with type a\b as a group of words which need
a phrase of type a on their left, and return a phrase of
type b. In the same way we can see a phrase of type
a/b as a phrase which asks for a phrase of type b on
its right-hand side, before returning a b type phrase.
Finally the e operator can be seen as concatenation
of words.
We use one axiom, called identity:

a— a

Furthermore we use the following rules (with a
double line we mean derivability in both directions),
called respectively transitivity and residuation.

b—a\c

=———— (RES)
a—b b—c RANS asboc
a—c (T ) a—c/b

Example 1. NL+ a — b/(a\b). Proof:

a\b — a\b
ae(a\b) —b
a — b/(a\b)

2.2 Natural deduction for NL

We can also present NL in a natural deduction for-
mat.

First we will define what is a structure. A struc-
ture might be empty, consist of a single type, or have



the form I" o A where I' and A are structures. We
will denote structures with capital greek letters. We
define the yield of a formula as yield(a) = a if a
is a single type, yield(a o b) = yield(a)yield(b) and
yield(a = b) = yield(a) = yield(b). A sequent has
the form I' — A, where I' is a nonempty sequence of
types. The notation % means that in the structure
T', the substructure A can be replaced by ©.

Again we use only one axiom, namely the identity
a — a. Furthermore we use the following inference
rules:

'—-a/b A—b Fob—a
FocA —a / F—>a/b/

I'—-b A—ba bol — a
FoA—)LL\ \E I‘—>b\a\

A—aeb Taob] —c F'—a A—b
T[A] — ¢ B ToA —aeb of

In all rules, we require the left-hand side of the
arrow to be nonempty.

We write NL - I' — a if the sequent I' — a is
derivable in the nonassociative Lambek calculus.

2.3 Lambek Grammar

Now we have presented the Lambek calculus, we will
define a Lambek grammar. Intuitively, a grammar
can be seen as a method to decide which sentences
are, and which sentences are not in the language. A
Lambek grammar consists of a set of symbols - which
correspond to words in natural language - a type of
the goal formula (i.e. the type corresponding to a
entire sentence) and a mapping which assigns one or
more types to every word, called the dictionary. Now
we present a Lambek grammar formally.

Definition 2 (Lambek grammar). We assume that
a finite alphabet ¥ and a distinguished type D are
given. A Lambek grammar is parametrized by X, D
and a mapping f such that for all t € X, f(¢t) C T
and f(t) is finite, where T is the set of all types of the
Lambek calculus. In this paper, we restrict ourselves
to the case where D is an atomic formula. The lan-
guage generated by the Lambek grammar L(X, D, f)
is defined as the set of all expressions t; . . .t,, over the
alphabet ¥ for which there exists a derivable sequent
with yield By ...B, — D such that B; € f(t;) for
all i < n. We also write t1...t, € L if t1...t, is
generated by L.

Now we will show an example natural deduction
derivation of a natural language sentence. To prove
grammaticality of a sentence, we first turn the sen-
tence into a structure by adding brackets and putting
o symbols in between the words. Then we show that
this structure is of type s.

Example 3. Let us derive the sentence ’Alice sees
the house’, assuming the following types: f(Alice) =
{np}, f(sees) = {(np\s)/np}, f(the) = {np/n}, and
f(house) = {n}. For the whole sentence we then ob-

tain the type npo (((np\s)/np) o ((np/n)on)), so the
sentence can be derived as follows:

np/n — np/nn—n

(np\s)/np — (np\s)/np  (np/n)on — np
((np\s)/np) o ((np/n) on) — np\s
npo (((np\s)/np) o ((np/n)on)) — s

2.4 Emptiness problem

Definition 4 (Emptiness problem). Recall the ques-
tion whether it is possible to make a sentence from
a given set of words, presented in the introduction.
This can be seen as an instance of the emptiness prob-
lem. More general, we can say that the emptiness
problem is the problem of deciding whether a given
language is empty or L(G) = (), i.e. whether the cor-
responding grammar does not generate any string (a
list of zero or more symbols).

3 The emptiness problem for
NL

3.1 A solution

In this section I will present a method to determine
whether a nonassociative Lambek grammar generates
the empty language. First I will sketch intuitively
what is hard about this. Next I will give a construc-
tion to determine whether a language is empty, and
finally I prove that this method is correct.

Definition 5. We can say that the emptiness prob-
lem for Lambek calculus it is the problem of deter-
mining whether L(3, D, f) = (J, given an alphabet 3,
a designated type D and a mapping f.

Example 6. i Consider the language £({a, b}, s, f),
where f(a) = {p\(s/p)} and f(b) = {p}. It is

easy to see that this language is nonempty: it



holds that (po(p\(s/p)))op — s, so bab is a valid
string in the language.

ii Now consider the language L({a},s, f), where
f(a) = {s/s}. Tt is clear that this language is
empty.

However, in general it is not so easy to check by
hand whether a language is empty. Note that a sym-
bol might occur more than once in a string. It is not
S0 easy to come up with an upper bound for the short-
est string generated by the language. It might well be
possible that a grammar has only a few types in the
dictionary, but still only generates very long strings.
Note that in particular it is not possible to check
every possible arrangement of types. Of course this
procedure will find a derivation if there is one, but be-
cause strings can be arbitrarily long, the process will
never terminate in case there exists no derivation.

Definition 7. We define the length of a type as the
total number of primitive type occurences in the type:

[Ipell == 1 la @ b]| = [la/bl| = [la\bl| := [la]| + ||b|

Definition 8. Assume a Lambek grammar
L(X, D, f) is given. Notice that the number of atoms
used in the definition of £ is finite. Below we will
consider only types consisting of these atoms. Let m
be the length of the largest type in the dictionary f,
that is the smallest number such that m > ||¢|| for
all t € U, ey f(0). We define the sequence S in the
following way:

Sc(0) {y| (z9) € f}
Se(n+1) = Se(n)
U {a|NLFboc— g
b,c € Sc(n);|lal| < m}
U {a|NLFb— a;
be Se(n);illal| <m}

In other words, we start with all types in our dic-
tionary, and iteratively add all types which can be
derived from one or two old types of length no longer
than the length of the largest type in the dictionary.

Definition 9. The limit of f, if it exists, is the small-
est n such that f(n) = f(n +1).

Theorem 10 (The emptiness problem for NL). The
language generated by a nonassociative Lambek gram-
mar L(2,D, f) is nonempty if and only if D is an
element of the limit of Sg.

This theorem will be proved in section

Example 11. Let us look at the following nonas-
sociative Lambek grammar: L£({a,b},s, f), where
f(@) = np\(s/np) and f(b) = np.

Now [|np\(s/np)|| = 3 and ||np|| = 1, so m =
3. Then it follows that np,np\(s/np) € S,(0), so
s/np € Sg(1), and therefore s € Sz(2). Then s is an
element of the limit of S, as well, so this language is
nonempty. This is correct, because we can easily see
that bab is a valid string in the language.

Example 12. Now we look at this grammar:
L({a,b},p, f), where f(a) = p/q and f(b) = q/p.

In this case ||p/q|| = 2 and ||¢/p|| = 2, so m = 2.
We see that Sc(0) = {p/q,q/p}, and S(1) = S,(0),
so Sg(n) = Se(n—1) for n > 1. Then it follows that
p is not an element of the limit S;. Therefore the
language is empty.

3.2 Lambek calculus and context-free
grammars

Now we have seen some examples of the correctness
of theorem but we have not yet seen a general
proof. This will be presented now. The proof con-
sists of three parts. First I translate the Lambek
grammar to a context-free grammar. Then I show
how to solve the emptiness problem for context-free
grammar, which is much easier than solving the prob-
lem for Lambek grammar. Finally I show how this
leads to the construction presented above.

I will start by defining what is a context-free
grammar [IJ.

Definition 13. A context-free grammar G has the
form

G(E,W, S5, R),

where ¥ is a finite set of elements called termi-
nals, W is a finite set of elements called non-terminal
characters, disjoint with X, S is the start symbol, and
R is a finite relation of rules from W to (WU X)*.

For all strings u, v we write v = v iff I(a, §) €
R,uy,ug € (WUX)* such that u = ujaus and v =
u1PBus. We write u =* v if there exists uy, us, - - ug €
(WUZX)* such that v = u; = ug - -+ = ux = v. Now
we define the language generated by the grammar
GE,W,R,S) as L(G) ={w € *: S =* w}.

Now we show how to translate a given nonassocia-
tive Lambek grammar into a context-free grammar.



Although equivalence between nonassociative Lam-
bek grammar and context-free grammar has been es-
tablished earlier ([3]), we will make use of the con-
struction presented in [2].

Lemma 14. Assume a nonassociative Lambek gram-
mar L(X, D, f) is given. We can construct a context-
free grammar G(X', W, S, R) generating the same lan-
guage as follows. Again we define m as the smallest
number such that m > |[t|| for all t € U,y f(0).
First we set ¥ = 3. Then we define the set of aux-
iliary symbols W:

Wi={aeT | al| <m}

Furthermore we set S = D. Finally the set R of rules
is defined in the following way:

R {b=t|teX andbe f(t)}
U {a=bc|abceW and
NLFboc—a}

U {a=0b|abeW and NLFb— a}

Example 15. Consider the following nonassociative
Lambek grammar £({a, b}, s, f), where f(a) = p and
f(b) =p\s.

Note that m = 2. We translate £ to the context-
free grammar ({a,b}, W, s, R), where W is defined as
follows:

W — {p7 S,”p\p”,,’p\S”,”S\p”,”8\8”7”]7/]?”,”17/5”
"pep”.s/p","s/s","pes, sep”, s es”
and R contains the following rules:
p = a "p\s" = b
s = 7s/s" s s = s7s\s”
s = Ts/p’p s = p’p\s”
p o= s p o= s7s\p
p = np/p” P p = p np\p”

Note that compound symbols like ”p\s” should
still be seen as only one symbol.

3.3 The emptiness problem for

context-free grammars

Now we will present a method to solve the emptiness
problem of the generated context-free grammar. So-
lutions to this problem exist already ([I]), but we will
present our own method, which we can easier trans-
late back into Lambek grammar.

Definition 16. Assume a context-free grammar
G(X,W,S,R) as obtained by lemma where all

)

)

rules have either one or two auxiliary symbols on the
right-hand side, or one terminal symbol. We define
the sequence Sg as follows:

Sg(0) = {b|b=>teR}
Sgn+1) = Sg(n)
U {Ala=bceR;bce Sg(n)}
U {Ala=beR;be Sg(n)}

That is, Sg will initially contain all nonterminals
which can be rewritten in one step to a terminal, and
we iteratively add to it all nonterminals which can
be rewritten in one step to a nonterminal which is
already in Sg.

Lemma 17 (The emptiness problem for context-free
grammar). The language generated by G(X, W, S, R)
is nonempty if and only if S is an element of the limit

Of Sg.

Proof. Because ¥ is finite, the limit of Sg clearly al-
ways exists.

[=] Assume the language generated by
G(3X,W,d,R) is nonempty. By induction on the
length of the derivation: if d = t € R for some
t € 3, d will be added to Sg by the base case of
the definition. Now assume d = b € R such that
G(X,W,b,R) is nonempty. By induction hypothe-
sis, b € Sg. Then d will be added to Sg as well,
by the third line of recursion step of the definiton.
Finally assume d = bc € R such that G(3, W,b,R)
and G(3, W, ¢, R) are nonempty. Again by induction
hypothesis, b and ¢ are in Sg. Now d will be added
to Sg by the second line of the recursion step of the
definiton. Therefore d is an element of the limit of
Sg.

[<] Consider the language generated by
G(X,W,d, R). Assume d is an element of the limit of
Sg. Induction on the number of the step in which d
has been added. Assume d € Sg(0). Thend =t € R
for t € ¥, so the language is nonempty. Now as-
sume d has been added to Sg in step n 4+ 1. This
means d € Sg(n + 1) and not d € Sg(n). Then
either d € {a | a = bc € R;b,c € Sg(n)} or
de{a]a=0beR;be Sg(n)}. In the first case, by
induction hypothesis G(X, W, b, R) and G(3, W, ¢, R)
are nonempty. Because d = bc, G(X,W,d,R) is
nonempty as well. In the second case, G(3, W, b, R)
is nonempty by induction hypothesis, so d = b,
so G(X,W,d,R) is also nonempty. We can con-
clude that in every case, the language generated by
G(X,W,d, R) is nonempty. O



Example 18. Consider the context-free grammar
from example Now it holds that Sg(0) =
{p, (p\s)}. Then Sg(1) = {p, (p\s),s}. We see that
5 is an element of the limit of Sg, so the language is
nonempty.

3.4 Proof of the main theorem

Now we know how to translate NL into a context-
free grammar, and how to solve the emptiness prob-
lem for context-free grammars, we can prove that the
method to solve the emptiness problem for NL works
correctly.

Proof of theorem[I0} First let us check that S; al-
ways has a limit. Because we consider only types of
length smaller than m using a finite number of prim-
itive types, the number of formulas that possibly can
be added to S, is finite as well. Therefore S, has
indeed always a limit.

Now we prove that if we translate the Lambek
grammar L to the context-free grammar G by the
procedure of lemma it holds that S, = Sg. We
prove this by induction. First we see that {y| (z,y) €
f}={b|b=1te R} s0oS(0) = Sg(0). Now note
that if ||a|]| < m then a € W and that by induction
hypothesis ¢ € Sg(n—1) if and only if ¢ € Sz(n—1).
Therefore it holds that

{a | NLEboc— a;b,c€ Sc(n—1);
lal| < m}
= {a|la=bceR;bce Sg(n—1)}

and that

{a| NLFb—a,be Sc(n—1),]|a|| <m}
= {ala=beR,be Sg(n—1)},

so we can conclude that Sg = S,. Because d in the
Lambek grammar is translated to .S in the context-
free grammar, we can conclude by lemma [17| that £
is nonempty if and only if d is an element of the limit
of Sg. O

4 Extensions to other calculi

4.1 The associative Lambek calculus L

Definition 19. The associative Lambek calculus L
([4]) consists of the same axioms and rules as the non-
associative variant, except that we add associativity
as a rule:

Flaoc(boc)] — s
I[(aob)oc] —s

Theorem 20. Theorem[10| works for the associative
Lambek calculus L as well.

Proof. The proof runs exactly the same as the corre-
sponding proof for NL, except that we replace deriv-
ability in NL with derivability in L, and that we use
[8] to prove the correctness of the conversion from
Lambek calculus to context-free grammar. O

4.2 Logic of pure residuation

We can generalize our theorem to logics of pure resid-
uation (LPR) [2] as well. Instead of only binary op-
erators, we consider now operators of an arbitrary
number of arguments. To do this, first we define a
set M of so called modes. Furthermore we define a
function § which assigns a number of arguments (’ar-
ity’) to every mode. Every mode g € M defines m+1
connectives of m arguments each: a product operator
ge, and m so called implications {g*, | 1 < i < m}.
Now we can define the system. Again we use identity
as the only axiom, and transitivity as rule. Further-
more we add the residuation rule

go(aly"' aa§(g)) —b

a; — g;(ala s 7ai717b7 Ait1y- .- 7a5(g))

for every g € M and i < §(g).

Note that the residuation rule in section 2.1lis an
instance of this definition, so NL is an instance of
LPR. Many other calculi also can be seen as exam-
ples of LPR, among which NL< ([6]). Note that L
is not a logic of pure residuation, because the asso-
ciativity rule does not hold in LPR.

Definition 21. Assume a LPR-language £(X, D, f)
is given. Again we will only consider the types con-
sisting of the (finite) set of primitive types used in
the definition of £. Let m be the smallest number
such that m > ||t|| for all t € |J .y, f(0). We define
the sequence S, as follows:

S5c(0) {y | (z.y) € f}
Se(n+1) = Se(n)
U {a|LPRFb— a;be€ Sc(n);
llal| < m}
U {a|LPRF fo(by...bn) — q;

{b07 .- .,bn,C} - Sﬁ(n)7 ||&|| < m}



Theorem 22 (The emptiness problem for logic of
pure residuation). The language generated by a logic
of pure residutation L(3,D, f) is nonempty if and
only if D is an element of the limit of S..

Lemma 23 ([2]). Assume a language of pure residu-
ation L(X, D, f) is given. We can construct an equiv-
alent context-free grammar as follows. First we define
the set of auxiliary symbols W :

Wi={aeT|lall <m}

We take D as the starting symbol. The set R of rules
is defined as follows:

R = {b=t|teX andbe f(t)}
U {a=by...by | a,bg,...,b, €W and
LPR - fo(bo...bn) — a}
U {a=b|abeW and LPRFb— a}

Proof of theorem[24 This rest of the proof runs
along the same line as the proof for NL. O

5 Discussion

In this paper I presented the associative and nonasso-
ciative Lambek calculus and logic of pure residuation.
My contribution consisted of a general way of solv-
ing the emptiness problem for those languages, with-
out the need of translating to context-free grammars
first. The proof of this solution made use of the con-
version of the grammar to context-free grammar, and
a solution for the emptiness problem for context-free
grammar.

The use of investigating formal properties like the
one presented in this paper is twofold. First, we can
use results from formal language theory to obtain
more knowledge about natural language. For exam-
ple, if we assume Lambek calculus is a good represen-
tation of natural language, we can conclude that the
emptiness problem is solvable for natural languages.

Secondly, we can also start with thinking about
which properties are desirable in natural language,
and look for a formalism which meets those desired
properties. For example, if one believes that natural
language should be modelled in a formalism which al-
lows for a decidable emptiness problem - a reasonable
assumption, because it seems plausible that given a
set of words, humans can always find out if is possible
to make a sentence with them - we know that Lambek
calculus might be a good formalism, and we certainly
know that language formalisms with an undecidable
emptiness problem, like context-sensitive grammar,
are not.

The method presented in this paper easily leads
to a computational explosion. It might be an inter-
esting future project to try optimizing the computa-
tional and space complexity of the solution. Other
interesting future work might be trying to solve the
emptiness problem for different extensions of Lambek
calculus, like Lambek-Grishin calculus [7].
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